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The multitude of binary black hole coalescence detections in gravitational waves has renewed our
interest on environments that can be the cradle of these mergers. In this work we study merger
rates of binary black holes in globular clusters that are among the most dense stellar environments
and a natural place for the creation of black hole binaries. To model these systems with all their
variations we rely on the observational properties of the known Milky Way globular clusters. We
consider direct capture events between black holes, as well as soft interactions of black hole binaries
with stars as third bodies that accelerate the evolution of these binaries. We find that binary black
holes from direct captures merge at an averaged rate of 0.3 − 5 × 10−11 yr−1 per cluster. Third
body soft interactions are a much more prominent channel giving an averaged rate of 2− 4× 10−10
yr−1 per cluster. Those rates in globular clusters can lead to a cumulative merger rate of about 100
mergers per year up to redshift of 1, i.e. a significant fraction of the detectable in the near future
binary black hole coalescence events. Further observations of cluster properties both in terms of
their masses, profile properties, velocity dispersion of stars and their cosmological distribution, will
allow us to better constrain the contribution of these environments to the detectable coalescence
events rate.
I. INTRODUCTION
The Laser Interferometer Gravitational wave Observa-
tory (LIGO) [1] with its first three observing runs con-
cluded allows us a first measurement on the rates of bi-
nary black hole (BBH) merges in the local Universe [2];
and ask questions on the mechanisms/environments re-
sponsible for them [3–23]. Moreover, as LIGO observes
more coalescence events, the growing statistics will allow
us to address their population synthesis [24–28]. Globu-
lar clusters (GCs) are among the systems with the highest
densities in stars, and environments where stellar mass
objects can undergo multiple dynamical encounters that
may lead to merger events [4, 18, 29–33]. Extensive N-
body simulations regarding the evolution and interac-
tions of black holes (BH) inside dense star cluster systems
have been performed in the past, [32, 34–37]. We utilize
this rich dynamics to evaluate merger rates of BBH sys-
tems in dense stellar clusters throughout cosmic history.
Such clusters may provide an explanation for the origin of
an important component of the total merger rate of BH
binaries, and also the places where consecutive mergers
occur [29, 38–40], that can be probed by current obser-
vatories [41–45].
In this article we study mergers of stellar mass BBH
systems formed in GCs. We model the mass-distribution
of objects in GCs by the sum of two Dirac delta func-
tions. One represents a generic light stellar object of
mass mstar = 1M and the other a typical BH of mass
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mBH = 10M. We will refer to this choice as “two body
model”. Their relative weight is determined by the initial
stellar mass function. Some of these BHs will participate
in binaries. Our choice of mass-distribution allows us to
focus on binaries of equal-mass BHs distributed through-
out the GCs. Unequal mass ratios are rare in GCs, as
strong interactions of the binary with massive third bod-
ies as other BHs lead to the binary exchanging its lighter
member with the interacting more massive object. Fur-
thermore, we assume that the stellar population follows
that of the GC’s mass density profile with the appropriate
normalization. Most of the BHs are concentrated instead
at the denser core due to mass segregation that happens
in the first O(102) Myr of the cluster’s evolution.
We ignore effects as mass loss during the cluster’s evo-
lution as the dynamics of BBHs take place mostly at the
inner parts of the cluster’s profile. However, we note that
as BBHs interact strongly with individual stars they get
on orbits that temporarily move them further away from
the GC core and probe a wider volume of the cluster.
We find that 3rd-body soft interactions, do not typically
eject the BBHs before they are already quite tight after
which point they will rapidly merge. While interactions
of BHs with stars lead to the depletion of stars from the
very center of the GCs, 1M stars are not completely
depleted out to the core radius of the GCs.
An isolated binary in the low density field loses energy
into gravitational waves (GW) as predicted by the gen-
eral theory of relativity. This radiation reaction leads to
coalescence on a timescale given by [46],
Tgw(e0 = 0) ≈ 1.58× 1014
( a0
1AU
)4(10M
m
)3
yr, (1)
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2for a circular binary of equal mass m BHs with ini-
tial semi-major axis and eccentricity given by the pair
(a0, e0). For widely separated binaries gravitational ra-
diation is an inefficient process to lead to coalescence.
However, in dense environments dynamical interactions
accelerate the binary’s evolution. This can be achieved
in various ways and many different channels have been
proposed in the literature regarding the coalescence of
two BHs, in dense environments, see e.g. [32, 47]. Rele-
vant in this context, mechanisms include direct capture
(DC) merger events [48, 49] and the hardening process of
a binary via encounters with third bodies, mainly soft
third-body interactions [50–53]. For the case of high
merger rates this may also lead to runaway growth of
intermediate-mass BHs in GCs, [39, 40]. Other type of
effects include stable [54] or meta-stable [55] triple res-
onance systems, which may form as a consequence of
multiple-body interactions, [56].
In this work we focus on the two dominant contribut-
ing channels to our total merger rate from GCs. We
start with the direct capture events and the interactions
involving a BBH system an a third object (3rd-body
channel). The values describing the GCs’ mass, central
densities and velocity dispersion of stars span orders of
magnitude; which has a strong impact on their respec-
tive merger rates. After averaging over the known Milky
Way GCs we find that the direct capture merger rate is
0.3 − 5 × 10−11 yr−1 per cluster. Moreover, by evolving
the BBHs in the environments of their respective Milky
Way GCs, we evaluate the merger rate due to 3rd-body
soft interactions to be 2−4×10−10 yr−1 per cluster. The
rates for the 3rd-body channel are directly proportional
to the fraction of BHs that will remain in the cluster and
form BBHs hard enough to survive their first encounters
with stars. The ratio of the number of these BBHs to the
number of the total BHs created from stellar evolution is
taken to be 0.3%.
This paper is constructed as follows. In section II we
discuss our assumptions on the globular cluster proper-
ties and the abundance of BHs in them. We also show
our methodology for calculating the BBH merger rates
from direct capture events and from third-body harden-
ing processes. In section III, we first present results for
our example globular cluster 47 Tuc. We then expand
our results to a sample of 13 Milky Way GCs that en-
compass the variations between those environments; and
then include the contribution from all Milky Way globu-
lar clusters that we have information for. Using the Milky
Way clusters as a representative sample for all clusters
of the local Universe we then evaluate their BBH cosmo-
logical merger rate. Finally, in section IV we give our
conclusions.
II. ASSUMPTIONS AND METHODOLOGY
A. The mass profile of globular clusters
We take Milky Way GCs that have relatively well ob-
served mass distributions, with that information publicly
available at [57]. As a reference we assume that the mass
distribution of stars ρ(r) in GCs follows a King profile,
[58],
ρKing(r) = ρ0

(
1 +
(
r
rc
)2)− 12
− (1 + 100c)− 12
1− (1 + 100c)− 12

2
, (2)
with ρ0 the central density ρKing(r = 0). The core radius
rc and the concentration parameter c are related to the
tidal radius rt of the GC via c = log10 (rt/rc). We rely on
Ref. [57] for the particular values of individual GCs. The
mass of each of these clusters is calculated by integrating
their density out to their tidal radius,
MGC =
∫ rt
0
dr 4pir2 ρKing(r). (3)
For the BHs that are in the GC, mass segregation takes
place leading to BHs concentrating near the center of
each GC. We assume for simplicity that all BHs are uni-
formly distributed within the core radius. The exact pro-
file of the BHs’ density is a detail as our final rates will
prove to depend mostly on the total number of BHs and
BBHs per cluster.
The velocity dispersion of the stars in the cluster can
be calculated by applying the Virial theorem [59],
σ(r) =
√
2GM(r)
r
, (4)
where G is Newton’s constant andM(r) is the total mass
contained within a sphere of radius r centered at the cen-
ter of the GC. The dynamics of the GC are characterized
by the relaxation timescale (O(102) Myr for BHs).
As an alternative profile for the stars in GCs we take
a Plummer model [60],
ρPlummer(r) =
3 MGC
4pir3pl
[
1 +
(
r
rpl
)2]− 52
, (5)
where rpl = rc√√
2−1
≈ 1.554rc (Eq. 38 from [61]) is a
characteristic parameter called the Plummer radius. We
ensure that MGC for each cluster is the same regardless
of their mass profile 1.
1 Only up to 3% of the mass of a GC is in BHs and thus MGC is
accurate for the mass in the stars.
3The velocity dispersion is given by, [61],
σ2Plummer(r) =
GMGC
6
√
r2 + r2pl
. (6)
In Table I we show the profile properties for 13 Milky
Way GCs. These constitute a representative sample of
how much different clusters can contribute to our final
results on the merger rate.
GC rc1pc c
rpl
1pc log10
(
ρ0
1M/pc3
)
MGC
105M
N ret-maxBH
47 Tuc 0.47 2.07 0.73 4.88 38.2 1145
ω Cen 3.60 1.31 5.57 3.15 49.3 1477
M15 0.42 2.29 0.66 5.05 68.7 2060
M22 1.24 1.38 1.92 3.63 7.30 219
NGC 6362 2.50 1.09 3.88 2.29 1.29 38
NGC 5946 0.25 2.50 0.38 4.68 9.44 283
M 30 0.14 2.50 0.22 5.01 3.80 113
Terzan 5 0.32 1.62 0.50 5.14 7.51 225
Pal 2 1.35 1.53 2.09 4.06 36.8 1103
NGC 6139 0.44 1.86 0.69 4.67 11.7 351
NGC 2808 0.70 1.56 1.08 4.66 22.1 661
NGC 5286 0.95 1.41 1.48 4.10 10.6 319
NGC 6316 0.51 1.65 0.80 4.23 4.08 122
TABLE I. The parameters of 13 Milky Way GCs relevant in
our calculations. The information for the second, third and
fifth columns is from Ref. [62]. For the last column we have
used N ret-maxBH =
(
fret
0.1
)
NmaxBH and a BH mass fraction fBH of
0.03 (see Eqs 7 and 8).
In Fig. 1 we give the profiles of ρ(r) and σ(r) for three
Milky Way GCs.
B. Black holes inside globular clusters
Assuming that stars with massM larger than 25M
necessarily give a BH within a few 106 yr, and that about
1/3 of the star’s original mass is retained by the resulting
BH, we can estimate the mass fraction of the GC that
ends up in BHs,
fBH ' 1
3
1
MGC
∫ 120M
25M
dMM ξ(M) ≈ 0.03, (7)
where ξ(M) is the Kroupa initial mass function, for
which we take the central values of [63]. Taking all BHs
to have a mass of 10M, we can estimate their maximum
number in a GC to be,
NmaxBH = fBH
MGC
10M
. (8)
As BHs have natal kicks only a fraction, fret, of them is
retained in the cluster. The maximum retained number
of BHs in the cluster is,
N ret-maxBH = fret ×NmaxBH . (9)
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FIG. 1. The profiles of mass density and velocity dispersion
for 47 Tuc, ω Cen and NGC 6362. Solid lines represent the
Plummer and dashed ones the King model.
Numerical N-body surveys and analytic considerations
point out to a value of about fret ' 10% up to the tidal
radius, consistent with a total mass of MGC ≈ 105M,
virial radius of rv = 1 pc and σBH = 50 km/s, [37] (see
also [64, 65]).
Our choice of parameters above allows us to assume en-
ergy equipartition between the BH population and their
surrounding stars. The Spitzer’s criterion in our case
is satisfied, as fBH × fret × (mBH/1M)1.5 ' 0.1 and
smaller than 0.16, valid for the two-mass model of the
GCs that we consider here [66]. Thus, the subsystem of
BHs that forms due to mass segregation in our GCs is
not dynamically decoupled from that of stars.
Some of these BHs will be in binaries while most of
them will be isolated. Consider a Keplerian BBH defined
by its orbital semi-major axis and eccentricity parame-
ters (a, e) and with binding energy Ebin ≡ Gm22a . Then,
this binary is said to be hard if its binding energy well ex-
ceeds the kinetic energy (KE) of its neighboring objects
[67]. When the above condition is not met we will refer
to the binaries as soft. BH binaries that originate form
binary stars i.e. survived both natal kicks and did not
lead to a soft binary that would break with third body
4interactions are defined here as proto-BBH (PBBH)2. We
include into the PBBHs, binaries that were created by ex-
change interactions of BH-star binaries with an isolated
BH. Some of these isolated BHs may form binaries with
ordinary stars via three body induced interactions at a
high rate, [69], or from a BH sub-population near the
core, resulting in the development of a binary population
of dynamically assembled BHs, [36].
The maximum total number of BHs in the GC given
in Eq. 8 can be decomposed into those that begin in iso-
lation, and those that initially participate into binaries,
N ret-maxBH = NBH,isol +NBH,bin. (10)
In turn the number of PBBHs is,
NPBBH =
1
2
× fhard ×NBH,bin
=
1
2
× fhard ×
(
NBH,bin
N ret-maxBH
)
N ret-maxBH
=
1
2
× fhard × fbin ×N ret-maxBH . (11)
fbin refers to the fraction of BHs in binaries. Since only
hard binaries will make it “unscathed” from early inter-
actions with neighboring bodies, only a fraction fhard of
binaries will be our PBBHs. Those may eventually merge
after further hardening 3rd-body interactions.
Combining with Eq. 9 we get,
NPBBH =
1
2
× fhard × fbin × fret ×NmaxBH
= feff ×NmaxBH . (12)
where we have combined all previously mentioned factors
into a single effective factor feff ≡ 1/2×fhard×fbin×fret.
From this point on when discussing the 3rd-body channel
we will only care about the PBBHs’ evolution and refer
to these binaries as just BBHs.
Monte Carlo simulations from [7, 29] that study BBHs
in clusters and probe the feff/fret ratio, suggest a range
of 0.01 . feff/fret . 0.1. Since we take fret ' 0.1 we will
consider the range for the effective factor to be 1×10−3 .
feff . 1× 10−2.
The remaining isolated BHs may contribute to the DC
channel or participate in hard binaries3. Their number
is (1− fhard × fbin)× fret ×NmaxBH ' fret ×NmaxBH .
C. The merger rate
Assuming that the GC properties depend only on the
radial distance from the center, and ignoring mass distri-
2 Also known in the literature as “primordial binaries”, see e.g. [68]
3 There may be soft binaries that survive and contribute to the
3rd-body channel. The disruption of hard binaries due to some
very energetic interaction giving off two isolated BHs is a rare
event, [67, 70] .
butions, we can write a universal scheme for the differ-
ential merger rate in the GC regarding a single merger
channel as,
dΓch.
d3r
= nch.(r)
〈
1
Tm(r)
〉
. (13)
Here, nch. is the number density of merger events in that
channel and 〈 1Tm(r) 〉 is the average rate for such an event
at radius r. In the following we will apply this formula
in the cases of the DC channel and the 3rd-body chan-
nel, as these are the dominant contributing channels to
our total merger rate from GCs. For an N-object con-
figuration with N≥ 3 the probability for interaction gets
significantly suppressed with increasing N.
1. Direct Capture events
In [48, 71] the cross section for the DC channel is cal-
culated assuming that a pair of objects A and B, with
reduced mass µAB , can form a bound system as long
as they interact at such a small pericenter so that the
energy lost in GWs exceeds the total energy of the re-
duced system; i.e. δEGW ≥ 12 µAB σ2AB , where σAB =√
1M/µAB σstar since we have assumed energy equipar-
tition. δEGW was calculated in [72]. σstar is the velocity
dispersion of the stars as shown in Fig. 1. The cross
section for this interaction is,
ΣDC ' 16.8×
(σAB
c
)−18/7
×
(
G2m
2/7
A m
2/7
B (mA +mB)
10/7
c4
)
, (14)
in the gravitational focusing approximation and un-
der the hypothesis that A − B interactions are nearly
parabolic, [48]. In this work we care for both A and B
to be 10M BHs. The total DC merger rate over a GC,
is just,
ΓDC =
∫ rmax
rmin
dr 4pir2
1
2
n2BH ΣDC vBH,BH . (15)
We take for the relative velocity of two BHs vBH,BH =
σBH,BH =
√
2σBH ; σBH is the velocity dispersion of the
BHs.
In our calculations we use a lower limit of radius rmin,
rmin =
(
4pi
3
nret-maxBH (r = 0)
)−1/3
, (16)
i.e down to the radius where only one 10 M BH is in-
cluded. We also take rmax = rc, as we assume all BHs
within the core radius.
Every DC event leads to a merger as the timescale
for isolated radiation reaction coalescence is very small
compared to the interaction timescale with an object that
5might disturb the BH binary. The merger timescale for
a newly DC-formed BBH is bounded above by, [73, 74],
TDCm . 376×
(
mBH
10M
)
×
(
10 km/s
σstar
)3
yr. (17)
The interaction timescale in our context is given by,
Tint = 15.6×
(
σstar
10 km/s
)
×
(
0.4× 105M/pc3
ρstar
)
×
(
20M
mtot
)
×
(
6AU
ah
)
Myr, (18)
which is much larger than TDCm .
2. 3rd-body hardening process on BBH
A hard circular BBH with SMA of 0.1 AU or larger
will merge on a timescale that is larger than the Hubble
time (Eq.1). However, interactions of the binary with
stars can lead to the hardening of the BBH, with the
stars gaining kinetic energy out of the binary and thus
increasing its binding energy. A few 3rd-body interac-
tions inside of dense stellar clusters may be enough to
accelerate the merger [67, 70].
We take a hard semi-major axis to be defined by, 4
[75],
ah =
GmBH
4σ2
' 5.58×
(
mBH
10M
) (
20 km/s
σstar
)2
AU.
(19)
Considering an energetic interaction with a point of
closest approach of the order of the binary’s semi-major
axis, i.e. ∼ a, the average fractional energy variation per
encounter is given by,
〈∆Eb〉
Eb
' 0.12×
(
H
15
) (
mstar
1M
) (
10M
mBH
)
. (20)
H is the hardening rate (not to be confused with the
Hubble rate), [75]. H is best determined by numerical
3rd-body experiments, as in [76], where is was approxi-
mated by,
H = 14.55×
(
1 + 0.287
a
ah
)−0.95
, (21)
for a unit mass ratio BBH and independent of e5. Fur-
thermore, we use an averaged time rate of change of the
4 The definition of a hard binary of Eq. 19 corresponds to setting
its semimajor axis a factor of ∼ 0.025×
( 〈mstar〉
1M
) (
10M
mBH
)
to
match Ref. [75]. This is smaller than the value of semi-major
axis evaluated by setting Gm
2
BH
2a
' 1
2
mstarσ2star.
5 There is a weak dependence of H on the eccentricity. The coef-
ficient at Eq. 21 varies from 14.5 at e = 0 to 17 at e = 0.9.
binary’s internal energy is given by6,〈
E˙b
〉
= 〈∆Eb〉nstarpib2σrel, (22)
where the impact parameter can be shown to be, [77],
b2 = r2p
(
1 + 2Gmtotrpσrel
)
, with a relative velocity of σrel '
σstar.
The effective merger timescale can be estimated from
the evolution of the semi-major axis alongside with that
of eccentricity. The total semi-major axis evolution is
given by,
a˙ = −GH ρstar
σstar
a2 − 128
5
G3m3BH
c5 a3
F (e). (23)
The first term describes the averaged effect of hardening
interactions while the second term is the Peters secular
evolution due to GW emission [46]. F (e) is given by,
F (e) = (1− e2)−7/2 ·
(
1 +
73
24
e2 +
37
96
e4
)
for e ∈ [0, 1).
(24)
Similarly the eccentricity evolution equation is, [76,
78],
e˙ = +
GHK ρstar
σstar
a− 608
15
G3m3BH
c5 a4
D(e). (25)
K is called the “eccentricity growth rate”, [75] which
is also determined by numerical 3rd-body experiments.
We use the fitting function provided in [76] (their equa-
tion 18). The second term in Eq. 25 represents the
GW Peters secular evolution of the eccentricity with
D(e) = (1 − e2)−5/2 · (e+ 121304e3), [46]. We solve the
differential system of equations 23 and 25 for a hard bi-
nary and for a few pairs of initial conditions (a0, e0). We
use as reference 47 Tucanae or just 47 Tuc (NGC 104) at
its core radius and later on expand our analysis on other
clusters.
The merger for the 3rd-body channel is calculated
from,
Γ3rd-body = feff×fBH×
∫ rmax
rmin
dr 4pir2
ρ(r)
mBH
1
TGC
〈fe(r)〉 ,
(26)
where we have used n3rd-body = NPBBH ρ(r)M−1GC . ρ(r)
is the mass density of the cluster and ' ρstar(r). TGC
is the age of the cluster and fe refers to the fraction of
BBHs that will merge within a time of TGC and obtained
by evolving Eqs 23 and 25 for a hard BBH. In our case
this reduces to Γ3rd-body = feff ×NmaxBH × 〈fe(rc)〉/TGC .
III. RESULTS
We use equations 15 and 26 to calculate the DC and
3rd-body merger rates for the Milky Way GCs.
6 The over-dot denotes time derivative.
6A. The Merger Timescale of Binary Black Holes in
47 Tuc; our example cluster
We start with the BBH evolution on a single cluster to
show our treatment of these objects near the GC core.
We use 47 Tuc as reference.
1. The Averaged Direct Capture Merger Timescale
We know that the interaction timescale of two objects
inside a dense environment depends on their number den-
sities, their relative velocity, as well as their impact pa-
rameter. We assume that the typical relative velocity of
two BHs is just
√
2σBH , with σBH their velocity disper-
sion. Relying on Eq. 14 we can estimate the time required
for a 10M BH to interact with a 10M and lead to a
DC event. For future reference, we call this time TDC .
It is approximately equal to,
TDC ' 8.2× 1013 ·
(
100 pc−3
nret-maxBH (r)
)(
σstar(r)
10 km/s
)11/7
×
(
10M
mBH
)2
yr. (27)
We take the velocity dispersion of the BHs to be that
of the stars multiplied by the factor of 1/
√
10 assuming
energy equipartition7. Mass segregation will also result
in lower velocity dispersion for the BHs. Our choice gives
an upper bound on the TDC , which in turn will give a
lower/conservative limit for the merger rate for this chan-
nel. Also, in our case, nret-maxBH '
(
4
3pir
3
c
)−1
N ret-maxBH .
In the case of 47 Tuc, we calculate this time near the
center of the GC at the core radius, where most of the
BHs reside. We find that such a BH encounters another
BH in about 4.7 × 1013 yr according to the Plummer
model, and in about 0.9×1013 yr in the King model. The
Plummer timescale is only slightly bigger than the King
one, due to its higher velocity dispersion, (see Fig. 1).
Both of these timescales are larger than the Hubble time
in the case of 47 Tuc, which indicates DC are rare events
inside of 47 Tuc alike GCs. However these numbers are to
be understood as averages and the probability that a BH
encounters another BH follows the Poisson distribution.
2. The BBH Merger Timescale due to 3rd-body interactions
For the BBH interactions with stars, we solve Eqs. 23
and 25 numerically. Our results are to be understood
in a statistical sense and as we show later the evolution
7 The velocity dispersion of BHs in the inner sub-cluster is ex-
pected to be at around 14.5 km/s for 47 Tuc, as is predicted
by the Virial theorem at core radius and neglecting the mass
contribution from the stars.
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FIG. 2. The evolution of a hard BBH in 47 Tuc at its core
radius. The red (plus) and green (cross) overlap with the
cyan (star) SMA data because they have the same evolution
until 5 Gyr. The black (square) and pink (triangle) data have
approximately the same merger times even though their initial
semi-major axis differs by a factor of four. We also include
two curves, the purple (diamonds) and orange (hexagonal)
data, that correspond to a Plummer profile.
of BBHs depends on the specific environment defined by
the mass profile of the clusters.
Let us consider a BBH in the environment of 47 Tuc, at
core radius. For illustrative purposes at first we ignore
the variation of the binary’s radius from the center of
the GC and study its evolution for a few pairs of initial
conditions (a0, e0). We solve the system of equations (23)
and (25) implementing a fourth-order Runge-Kutta type
numerical algorithm and iterate until the BBH attains a
semi-major axis of aend = 0.01 AU. For the time-step we
choose dt = 30 Myr which is the typical timescale for 3rd-
body interactions at the core of 47 Tuc (see appendix A
for further details).
In Fig. 2 we show the evolution of BBHs undergoing
3rd-body interactions with starts starting from different
(a0, e0) conditions. We show five simulations under the
assumption of a King density profile and two simulations
under a Plummer profile.
In the binary’s early evolution, the positive sign of the
first term in Eq. 25 (relating to the 3rd-body hardening
7interactions) dominates8. As a result the eccentricity of
the BBH increases at first. That increased eccentricity
in turn enhances the GW emission, which accelerates the
binary’s coalescence. Throughout the binary’s evolution,
both the GW emission and the 3rd-body interactions
cause a reduction of the semi-major axis of the binary
(Eq. 23). As a becomes smaller the binary’s interactions
with stars become more separated in time, suppressing
the positive e˙ first term in Eq. 25; while the GW emis-
sion becomes more prominent, amplifying the negative e˙
second term in Eq. 25. At some point the binary enters
the GW domination regime, leading to the coalescence
and circularization of the binary.
For a BBH in a Plummer environment the merger
timescale is smaller compared to a King type core. The
ratio ρ/σ in the Plummer profile is larger by about one
order of magnitude enhancing the first term in Eq. 23
which drives the binary to shrink more efficiently. This
also translates to a larger 3rd-body merger rate for the
Plummer profile compared to the King one.
Given that GCs have ages up to ' 10 Gyr, any of
our simulated BBHs that requite more than that time
to coalesce can not contribute to the BBH merger rates.
For a given GC environment, that upper limit on Tm con-
strains the combination of initial BBH properties (a0, e0)
required for a binary to merge (within 10 Gyr).
In Fig. 3, we show for combinations of (a0, e0) the 3rd-
body interactions merger timescale versus the dimension-
less semi-major axis a0/ah. Every symbol represents the
Tm for a unique set of initial conditions. Any point inside
the yellow region satisfies Tm < 10 Gyr, and its y−axis
value gives the predicted Tm. In Fig. 3, to evaluate Tm
for 47 Tuc, we take as a reference the ρstar(r) and σstar(r)
at its core radius rc. For 47 Tuc ah = 5.7 AU. In different
GC environments one needs to change not only the value
of ah but also those of the ρstar(r) and σstar(r) profiles.
In the following we will generalize our result for all GCs.
We also remind the reader that we evolve Eqs. 23 and
25 until the binary reaches aend = 0.01 AU. We make
sure the evolution lies within the Newtonian regime at
all times until the end of the simulation.
While BBHs interacting with close-by passing stars is
inherently a stochastic process, we treat it here in a de-
terministic manner. The fact that from this point on, we
exclude all BBHs with initial conditions (a0, e0) that for
their given environment do not lead to merger in more
than 10 Gyr, leads in a lower/conservative value for their
merger rate once averaging over all GCs.
In our calculations of the merger timescale we have
used up to here the radial distance of r = rc as a refer-
8 When e0 is smaller than 0.4 for a0 = ah, initially the binary
experiences a slight eccentricity decrease which is due a nega-
tive sign in the eccentricity growth rate, supported by numerical
surveys [76]. This is a small effect and does not significantly af-
fect the overall growing statistical character of eccentricity with
3rd-body encounters.
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FIG. 3. The 3rd-body merger timescale versus the BBHs
initial semimajor axis a0. We show cases of a0 ∈ [0.1ah, 10ah]
and plot lines for e0 ∈ [0.2, 0.9]. Any point that falls inside
the yellow region refers to a BBH with initial conditions that
in the environment of 47 Tuc will merge at a value of Tm
depicted by its y-axis value. We observe a weak dependence
on a0 ∈ [ah, 8ah]. For 47 Tuc ah = 5.7 AU at core radius.
Each point in this figure is a single simulation.
ence. This choice provides a good description of the 3rd-
body interactions inside the GC for a sequence of reasons.
For both the King and Plummer profiles, most BHs are
included within the core radius. Moreover, for the Plum-
mer profile and for r ≤ rc as we showed in Fig. 1 the total
matter density ρ, and the velocity dispersion σ of stellar
objects are approximately constant. Thus the 3rd-body
interaction terms in Eqs. 23 and 25 that scale as ρ/σ are
also constant for r . rc. Showing the Tm at r = rc for
the Plummer profile is representative of the entire core.
For the King profile the ρ/σ drops significantly beyond
the r > rc, thus the 3rd-body interactions get suppressed
at larger radii. Plotting Tm at r = rc provides a consec-
utive but still representative estimate. Finally, we clarify
again that in evaluating the total 3rd-body merger rate
from Eq. 26 under a general mass profile for the binaries,
Tm should be evaluated for different radii r.
While mass segregation also takes place in GCs, forc-
ing stars away from the very center of the clusters the
1 M stars remain within the observed core radii. Given
simulation results where BBHs get excited to higher or-
bits (e.g. [79]), we expect that the r ∼ rc region is still
the place where BBHs interact most often with stars.
Our results for the 3rd-body interactions are limited
to soft interactions of BBHs with stars. Taking 47 Tuc,
the number of hard binaries that survive in the core is
expected to be about fefffret × N ret-maxBH ' 30 BBHs. This
corresponds to a BBH number core density of about 70
pc−3. Also, the BH number core density for 47 Tuc is
' 3000 pc−3. However, the density of stars near its core
is ' 105 pc−3 or ' 106 pc−3, depending on whether we
choose the King or the Plummer profile respectively (see
Fig. 1). Therefore, BBH-star soft interactions at r ' rc
are the most common type with BBH-BH interactions
following them (for a recent study of BBH-BH interac-
8GC TGC × 1013 [yr]
Plummer King
47 Tuc 4.7 0.9
M 30 0.5 0.05
NGC 5946 1.5 0.1
TABLE II. Timescales for a 10M BH to capture and merge
with another one at core radius for a few cases. We have
assumed the Plummer and King profiles. In all of these cases
the numbers exceed the threshold GC lifetime of about 1010
yr.
tions see [80]). Binary-binary interactions are rare as the
number of BBHs is relatively small in GCs.
B. Binary Black Holes in any GC
1. The Averaged Direct Capture Merger Timescale
In table II we calculate the direct capture timscale for
three Milky Way GCs with similar structural properties
calculated for BHs at core radius and for the Plummer
and King profiles.
Having examined the DC timescale on three dense
GCs, we conclude that for those environments this
timescale exceeds the GC lifetime by at least one order
of magnitude. We find that no known Milky Way GC
has a TDC that is smaller than 10 Gyr. This indicates
that DC events are very rare in Milky Way GCs. This
will show up even in the final merger rates that we cal-
culate in the next section. We expect the DC channel
to dominate only in exotic environments with very high
densities and with a very low velocity dispersion.
2. The 3rd-body Merger Timescale
In section IIIA we showed in Figure 3 that a BBH
undergoing 3rd-body interactions with stars in 47 Tuc
will merge within 10 Gyr only if its initial eccentricity is
e0 & 0.7; with weak dependence on its initial semi-major
axis a0. That result came for the specific environment
of 47 Tuc. In this section we will generalize our results
for any GC. Knowing what initial eccentricity conditions
are required in order for a BBH to merge is a crucial
element in our calculations. We can simulate the BBH’s
initial eccentricity distribution in a GC environment, and
in turn derive what fraction of those BBHs will merge
through the 3rd-body channel.
In the following we will show a sequence of approxi-
mations that lead to a semi-analytical answer on the re-
quired initial eccentricity conditions for a BBH to merge
at any given cluster. That answer we will compare to our
answer from the numerical evolution of Eqs. 23 and 25.
Given Eq. 23 we can calculate the time after which the
Peters GW emission dominates over the interaction term.
We call this moment in the binary’s evolution the equal-
ity point. This corresponds to the state (aeq, eeq). We
evaluate the semi-major axis at that point aeq by equat-
ing the two rates, (a˙)3rd-body = (a˙)Peters. The eeq could
be approximated with ≈ emax, as the point of equality
occurs only slightly after the point of maximum eccen-
tricity emax. However, the condition e˙ = 0 leads to a
transcendental equation for emax which does not have a
closed form solution. Thus, instead we set eeq ' e0, i.e.
at the moment when the binary’s eccentricity becomes
again e0. We checked for the ensemble of clusters at Ta-
ble I and for initial eccentricities e0 between 0.4 and 0.9
that the ratio eeq/e0 = emax/e0 falls always within the
region of 1.03 up to 1.30.
The time required for the binary to reach equality
Teq(r) if located at radius r, is approximated by inte-
grating Eq. 23 from a0 to aeq, and ignoring the Peters
term which dominates after equality. The result is,
Teq(r) =
(
a0
aeq
− 1
)
σstar(r)
GH ρstar(r) a0
. (28)
Since in all cases where multiple 3rd-body interactions
take place before GW emission starts having an impact
to the binary’s evolution we can take in Eq. 28 (a0/aeq−
1)(1/a0) ' 1/aeq 9. We then get,
Teq(r) ' T s−am (r) = 5.75
(
σstar(r)
10 km/s
)4/5(
15
H
)4/5
(29)
×
(
105M/pc3
ρstar(r)
)4/5(
10M
mBH
)3/5
× F−1/5(e0) Gyr.
T s−am (r) is our semi-analytical evaluation of Tm. To the
limit that a0  aeq satisfied when multiple 3rd-body
interactions take place before the binary merges, Tm is
independent of a0. This is in qualitative agreement with
our simulations for 47 Tuc. We also tested the accuracy
of Eq. 29 with the numerical results. This is shown in Ta-
ble III for 47 Tuc, M 30, and NGC 5946. We picked those
three clusters as they envelope the ρstar(r) and σstar(r)
profile properties of the ensemble of clusters that can
contribute to the merger. We find these values quite sat-
isfactory for our purposes.
We note that for high eccentricities the semi-analytical
answer is larger than the numerical result. At higher
eccentricities the GW emission from the Peters term is
dominant and Eq. 28 becomes less accurate. Moreover,
we use F (e0) instead of F (eeq) in Eq. 29 which at larger
eccentricities leads to overestimating T s−am . This semi-
analytical approach works best at smaller eccentricities,
but with satisfactory results for up to e ≈ 0.9 (see Ta-
ble III).
9 aeq is just evaluated by equating the two terms of the right-hand
side of Eq. 23.
9GC e0 T numm [Gyr] T s-am [Gyr]
47 Tuc 0.2 22.6 20.5
47 Tuc 0.8 7.0 8.4
M 30 0.2 7.1 6.9
M 30 0.8 1.2 2.8
NGC 5946 0.2 15.4 14.6
NGC 5946 0.9 2.5 3.7
TABLE III. A few numerical and the corresponding semi-
analytical values of Tm as obtained from Eq. 29. We checked
47 Tuc, M 30 and NGC 5946 with two values of e0. a0 is set
to the ah, which is, ah = 5.7 AU for 47 Tuc, ah = 47 AU for
M 30, and ah = 33 AU for NGC 5946. Variables are assumed
in the context of the King profile at core radius.
The semi-analytical expression of Eq. 29 connects
the merger time of the BBH to its initial eccentricity
and to the mass density ρstar(r) and velocity disper-
sion σstar(r) of the GCs’ stars at a radial distance of
r. That is, we have a dependence scheme of the form
Tm ∝ (σ/ρ)4/5 F−1/5(e0). We can therefore, set con-
straints on the minimum initial eccentricity the BBH
should have in order for it to merge within the lifetime
of the GC, TGC and connect to GC quantities that can
be inferred from observations. We remind that we can
evaluate ρstar and σstar at the GC’s core radius, rc. I.e.
σc ≡ σstar(rc) and ρc ≡ ρstar(rc). We get (see again
Eq. 24 for the definition of F (e)),
F (e0) >
(
5.75 Gyr
TGC
)5(
σc
10 km/s
)4(
105M/pc3
ρc
)4
×
(
15
H
)4(
10M
mBH
)3
. (30)
Eq. 30 can also be thought of as a constraint on the
ratio σc/ρc given an initial eccentricity e0. Therefore,
we can probe for an appropriate value of e0 which envi-
ronments allow a BBH to merge in TGC given the pair
(ρc, σc),
log10
(
σc
10 km/s
)
= log10
(
ρc
105M/pc3
)
+ log10
(
H
15
)
+ 0.75 log10
(
mBH
10M
)
+ 1.25 log10
(
TGC
5.75Gyr
)
+ 0.25 log10 (F (e0)) . (31)
As we can see this condition is fairly insensitive to either
the exact age of the GCs and to the exact mass of the
BHs.
In Fig. 4 we map out in the observable (ρc, σc)-
parameter space some Milky Way GCs, along with a few
specific curves on the required initial eccentricity for bi-
naries of 10 M BHs to merge within 10 Gyr. We take
also H = 15. These curves correspond to straight lines
in a log-log plot. For a given GC its BBHs with initial
eccentricity e0 larger than the line to its left will merge
within 10 Gyr.
As shown in Fig. 4 there are Milky Way GCs, as M
30, that pose no constraints on the initial eccentricity. In
these GCs BBHs merge within at most 10 Gyr indepen-
dent of what their e0. This is attributed to their high core
densities. However, GCs like M 30 host a small number
of BHs and as we will show do not contribute too much
on the final merger rates. Instead, in clusters as 47 Tuc,
the imposed constraints are only mild. 47 Tuc falls near
the e0 = 0.7 line, a result consistent with Figure 3.
In Fig. 5, we show all GC for which we have informa-
tion to place them on a more extended ρc vs σc space.
With the exception of a few very dense systems, GCs that
fall outside the reduced space plotted on Fig. 4 will not
contribute significantly to the merger rate even if there
are many more of these objects. On general grounds, for
environments with ρc ∈ [0.1, 0.5]× 105M/pc3 there is a
strong dependence of the minimal e0 value that leads to
a merger and the local velocity dispersion. High velocity
environments will host BBH merger only for relatively
high e0 values. In Fig. 4 we take a King profile for the
GCs. For a Plummer profile since σPlummerc > σKingc (see
Fig. 1) the minimal e0 values are typically higher. GCs
points move to up and to the right. We show that effect
in Fig. 4 with green boxes for a small number of GCs.
BBHs in GC environments situated on the left of the
e0 = 0.9 line should necessarily have an initial eccentric-
ity greater than 0.9 if they are to satisfy Eq. 30. Such
binaries are expected to form dynamically and contribute
to the dynamical component of the total merger rate.
C. Merger Rates of the Milky Way Globular
Clusters
Here we first evaluate the merger rates for individual
clusters. We do that separately for the direct capture
and for the 3rd-body interactions channel. We rely on
Eqs. 15 and 26 respectively. Then we sum the merger
rates from all Milky Way globular clusters to evaluate
the expected rate from a collection such as that of our
own galaxy.
1. DC merger rate
The direct capture merger is a stochastic process. Cal-
culating the DC merger rate from Eq. 15, we show our
results in the second and fourth columns of table IV, un-
der the Plummer and King profiles respectively. We use
the set of 13 GCs given in table I.
Since the DC merger rate scales as ΓDC ∝ n2BHσ−11/7BH ,
the GC with the largest rates will be those that have a
small velocity dispersion and large BH densities. Among
the cases we have examined, M 30 is one of those dense
GCs which also have a small velocity dispersion under
the King profile. This GC is a good candidate for a
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FIG. 4. Milky Way GCs positioned in the ρc vs σc parameter space for a small part of the observed space (see also Fig. 5).
We plot the GCs and partition the selected area into seven regions, with color boundary lines defined by Eq. 31. Labels on the
boundary lines represent values of e0. For a given GC, its BBHs with e0 larger than the e0-line to its left will merge within 10
Gyr. As an example Terzan 5 sits very close to the line of e0 = 0.4. All its BBHs with e0 larger than 0.4 will merge. Red dots
are GCs from Table I, and green boxes represent GCs under the Plummer profile, while other points are other known GCs.
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FIG. 5. All observed Milky Way GCs in the full ρc vs σc
parameter space. The box on the top left represents the pa-
rameter space of the Fig. 4. The black "+" points represent
GCs under the King profile.
high DC merger rate, as we also saw in table II where
the DC timescale was calculated to be relatively small
compared to other GCs. The King DC rate of M 30 is
about 2.1 × 10−10yr−1 and is among the highest on the
list.
We perform an average on the DC merger rate over
the known 139 Milky Way GCs of the Harris catalogue
[57, 62], that we have ρ and σ information for. We find an
averaged DC rate of 4.9× 10−11 yr−1 per cluster relying
on the King profile. Using the Plummer profile for the
stars we find instead a per cluster rate of 3.3 × 10−12
yr−1. Typically and on average the King DC rate is
higher than the Plummer one by about an order of mag-
nitude. This can be seen by comparing for the individual
GC the DC rates in Table IV. The King profile typi-
cally predicts a lower velocity dispersion compared to the
Plummer model around the core radius of each GC, (see
Fig. 1).
2. 3rd-body merger rate
For the 3rd-body interactions as we showed, the initial
eccentricity of a BBH hosted on a GC plays a crucial
role on whether that binary will have enough time to
merge. To calculate the merger rate we assume a thermal
distribution of the BBH’s eccentricity, P (e) = 2 · e, with
a mean of 〈e〉 = 0.7. We then evaluate for each Milky
Way GC the fe of Eq. 26 from,
fe(r) ≡
∫ 1
e0(r)
de′0 P (e
′
0) = 1− e0(r)2. (32)
11
e0 is the minimal initial eccentricity required for a BBH
to merge within 10 Gyr, calculated for each GC by equat-
ing the two sides of Eq. 30 with TGC = 10 Gyr and using
the unique GC’s σc and ρc properties. A thermal distri-
bution is consistent with a dynamical assembly scenario
of our BBHs, [67]. Proto-binaries may acquire high ini-
tial eccentricities by the internal dynamics during the for-
mation of the BBH pair. We concentrate on hard BBHs.
We take for them a0 = ah, with ah having a unique value
for each mass profile (and each GC). Binaries hosted in
an environment described by a Plummer mass profile,
begin tighter (ah is smaller) compared to a same mass
cluster with a King mass profile. The smaller ah is a
consequence of the larger velocity dispersion of these ob-
jects in a Plummer profile, (see Fig. 1). However, our
results are fairly insensitive to the exact choice of a0 (see
Fig. 3 and Eq. 29). Initial semi-major axes smaller than
∼ 0.3ah have a smaller merger time than we consider in
this work. Yet, these ultra-hard binaries are rare.
GC Plummer King
DC 3rd-body DC 3rd-body
47 Tuc 1.2e-11 3.4e-09 7.6e-11 1.5e-09
ω Cen 1.8e-13 9.8e-11 3.5e-13 2.2e-11
M 15 3.0e-11 6.2e-09 3.1e-10 3.7e-09
M 22 1.8e-13 9.9e-11 3.4e-13 2.1e-11
NGC 6362 4.3e-15 9.0e-13 3.5e-15 2.7e-13
NGC 5946 8.8e-12 8.5e-10 1.9e-10 5.6e-10
M 30 9.8e-12 3.4e-10 2.1e-10 3.4e-10
Terzan 5 3.7e-12 6.8e-10 9.4e-12 5.5e-10
Pal 2 1.1e-12 9.5e-10 3.2e-12 1.7e-10
NGC 6139 3.2e-12 1.1e-09 1.2e-11 3.9e-10
NGC 2808 2.5e-12 2.0e-09 7.2e-12 4.5e-10
NGC 5286 5.1e-13 3.5e-10 1.1e-12 7.5e-11
NGC 6316 6.1e-13 3.5e-10 1.2e-12 6.8e-11
TABLE IV. The integrated DC and 3rd-body merger rates,
in yr−1, for our 13 Milky Way GCs. The parameter feff is set
to 0.3%.
The 3rd-body merger rates for the GCs of Table I are
given in Table IV, for the two choices of mass profiles.
The 3rd-body merger rate surpasses the DC rate by typ-
ically one to two orders of magnitude. This is despite the
fact that BBHs are less abundant by a factor of 3 × 102
than isolated BHs that seed the DC events. 47 Tuc falls
in the category of a massive GC and NGC 6362 repre-
sents a small GC.
Following the King profile we get typically a factor of
two smaller rates, even though in some cases as M 30
the rate is the same for both assumed profiles on the
distribution of the stars. We find that the average per
cluster rate of the 3rd-body channel is 2.0 × 10−10yr−1
under the King profile assumptions for the stars and 4.2×
10−10yr−1 per cluster under the Plummer.
In the numbers of Table IV we have taken feff = 0.3%.
feff is in the range of 0.1% ≤ feff ≤ 1% which directly
translates to one order of magnitude in range of the 3rd-
body merger rate. That uncertainty is the main source of
uncertainty on evaluating the 3rd-body merger rate from
a given GC.
We make a last note here regarding the ejection of bi-
naries from the globular clusters. During each encounter
of a BBH with a perturbing object (a star in our case),
the perturbing object acquires on average a high kick
and by momentum conservation the binary recoils. We
have checked that in order for the BBH to receive a large
enough recoil to get ejected from the GC environment the
interaction has to be very close and in turn the binary
already at that stage a tight one. BBHs encountering
1M stars tend to be retained near the GC core as long
as they have a semi-major axis of & 0.01 AU before the
interaction. We remind the reader that for our 3rd-body
calculations we use that value of semi-major axis to end
our evolution of the binaries’ orbital properties. Once
the binary has a semi-major axis smaller than 0.01 AU
it only takes a few Myr until it merges via GW emission.
Regardless of such a binary still being in the cluster or
having been ejected from it, its merger contributes to our
calculation of the merger rate.
D. The Cosmological Merger Rate
Having evaluated the merger rate in the GCs of the
Milky Way and the averaged per cluster merger rate
〈ΓGC〉 we will evaluate the cumulative merger rate at red-
shift z from the local Universe, Rc(z). Formally 〈ΓGC〉
is a function of redshift. However, we will take it a con-
stant over a period of 10 Gyrs and will not extend our
analysis beyond a redshift of 5. This can be calculated
by [32, 81],
Rc(z) =
∫ z
0
dz′ 〈ΓGC(z′)〉 nGC dVc
dz′
(1 + z′)−1. (33)
where dVc/dz is the comoving volume, nGC(z) is the GC
number density and the (1 + z)−1 factor accounts for
the time dilation. 〈ΓGC〉, for the combination of the DC
and the 3rd-body channels, we have already estimated
to be 2.5× 10−10 yr−1 and 4.2× 10−10 yr−1 per cluster
for the King and Plummer profiles respectively. At low
redshift nGC has a range from a conservative minimum
of 0.33 × 109 Gpc−3 up to an optimistic value of ' 3 ×
109 Gpc−3, with a more conventional value of 0.77× 109
Gpc−3 [32]. We assume that Milky Way GCs constitute
a representative ensemble of GCs in the local Universe.
In the following, we take H0 = 100h km/s/Mpc, h = 0.7,
ΩK = 0, ΩM = 0.3 and ΩΛ = 0.7, based on Planck data
(2015) [82]. We can rewrite the comoving volume as, [83],
dVc
dz′
=
4pic3
H30
1
E(z′)
(∫ z′
0
dz′′
E(z′′)
)2
, (34)
where we have used the function, [83, 84],
E(z) =
√
ΩM · (1 + z)3 + ΩΛ. (35)
We take the more conventional value of nGC = 0.77×
109 Gpc−3 constant in redshift or evolving as nGC(z) =
12
0.77 × 109 · E(z) Gpc−3. Integrating up to a redshift of
1, we find a rate of 20-65 mergers per year for the choice
of a King profile and 33-110 mergers for the choice of
a Plummer profile. For each of the profiles the higher
values for the mergers come from assuming nGC ∝ E(z).
Extending to higher redshifts comes with a significant in-
crease associated to the uncertainties on the exact choice
of nGC(z). The total number of BBHs mergers up red-
shift of 5 can be as large as 104 mergers per year for the
King and Plummer profiles respectively. However for a
nearly constant in redshift nGC these numbers are much
more suppressed and only O(100) per year.
We note that the DC merger rate per GC at source
is taken to be constant with redshift up to z = 5 while
for the 3rd-body merger rate its redshift evolution is de-
scribed by the term 〈fe(r)〉/TGC of Eq. 26 through the
lifetime of the GC evaluated at redshift z′.
IV. CONCLUSIONS
In this paper we evaluate the BH-BH merger rates
in Milky Way type GCs considering BH-BH direct ca-
pure and 3rd-body BBH-star soft interaction mecha-
nisms. Our calculations are based under the assumption
of a two-mass model ofmstar = 1M andmBH = 10M.
We consider King and Plummer profiles for the distribu-
tion of the stars in the GCs, and take a segregated state
on the BHs concentrating all of them uniformly inside
the core of each GC.
The averaged 3rd-body merger rate per cluster was
found to be 2.0× 10−10yr−1 and 4.2× 10−10yr−1 for the
King and Plummer profiles. These rates are more signif-
icant than the rates from the DC channel by one to two
orders of magnitude. For the DC channel we get instead
4.9 × 10−11yr−1 and 3.3 × 10−12yr−1 for the King and
Plummer profiles respectively.
The largest uncertainty with respect to the BBH
merger rates is in the fraction feff of BBHs that can
be formed from the original population of BHs created
by stellar evolution, and then undergo multiple 3rd-body
interactions with stars. Most BHs will be ejected from
the clusters due to their natal kicks. Also most BHs that
remain in the cluster will not be in binaries that are tight
enough to survive the 3rd-body interactions even with
regular stars. Throughout this work we take feff = 0.3%.
That fraction’s range is between 0.1% to 1%. Our re-
sults on the merger rates from the 3rd-body channel are
proportional to (feff/0.3%).
Once integrating over cosmological distances we find
in total between 20 and 110 mergers per year up to a
redshift of z = 1. We note that in calculating the cu-
mulative rates, the numbers are dominated by the most
dense and massive clusters. These clusters are also the
easiest to observe. Clusters with small core densities or
masses maybe difficult to observe but also do not con-
tribute to the our rates in any significant manner.
In this work we have quantified and important aspect
of the 3rd-body channel in GCs. The initial eccentricity
of the BBH plays a crucial role in the evolution of the
binary given its surroundings and whether it will evolve
fast enough to merge within a Hubble time. Only very
compact GCs allow the presence of low eccentricity merg-
ers. As an example, an environment like 47 Tuc requires
BBHs to have an eccentricity of no less than ∼ 0.7 which
is the average value of the thermal eccentricity distribu-
tion. Instead, the BBH’s merger time depends weakly on
the initial semi-major axis.
Our results are limited to soft interactions of BBHs
with stars, as these are the most common type of inter-
actions. As this project was being completed Ref. [80]
appeared studying BBH-BH hard interactions. Other
possible channels leading to BBH merges that we have
not included in this work as they are not dominant, relate
to four body effects. One such mechanism is the Kozai
resonance, [85, 86], as known in the literature in the con-
text of triple systems (hierarchical or not) [54–56]. This
channel requires a triple system where two of the objects
are BHs forming an inner compact binary and a third
object, a BH or a star, that orbits in an outer orbit. The
outer object, causes the eccentricity of the inner pair to
increase near unity on a timescale of a few hundred years,
on condition that the two orbits have a relative inclina-
tion close to 90 degrees and that no other object perturbs
the system in the meantime [87]. The two inner BHs can
merge very quickly if the GW emission peaks near the
phase of high eccentricity. The contribution from this
channel to the BBH merger rate is highly suppressed,
due to the small number of BBHs inside of GCs. The
statistics of such a mechanism work best inside of denser
and larger environments like the cores of galaxies where
the number of BHs and BBHs are higher.
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Appendix A: Numerical setup for the BBH
evolution in the 3rd-body channel
In this appendix we present the numerical setup of our
calculations for the case of the evolution of a BBH due
to GW emission and interactions with 3rd-bodies.
In Eqs. 23 and 25 the term describing the 3rd-body
interactions with stars has a proportionality coefficient
K. That coefficient is not constant but depends on the
value of the binary’s eccentricity and semi-major axis.
We rely on the numerical work by [51] to include that
dependence. In Fig. 6 we show the fitting functions we
use for the evolution of a BBH as were provided in [51].
We implement a cubic fit on the data in their table 3.
These fits are accurate only for values of eccentricity on
the interval e ∈ [0.15, 0.9].
An important parameter we should set in our simu-
lations is the time-step, dt. The first term in the right
hand side of Eq. 23 sets an upper limit on the time-step
we should use, since it relies on Eq. 20 which describes a
single interaction. Our time-step has to be bigger than
the period of the binary so that the Peters term remains
secular. This sets a lower bound. We can choose our the
numerical time-step to be that of the local interaction
timescale, dt = Tint ∼ 30Myr for 47 Tuc as in Eq. 18,
when the binary’s semi-major axis is a0. We remind the
reader that at all times, the period of the BBH is no
more than a few years and as the binary tightens its Tint
increases.
Regarding the end of the evolution of the BBHs, we
choose aend = 0.01 AU. This corresponds to 1.58 Myr
until merger due to GW emission; a time much smaller
than the Gyrs it takes for the binary to evolve.
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FIG. 6. Top panel: Cubic fits on the data (solid circles,
squares, triangles and diamonds) in table 3 of [51] for q =
1. Bottom panel: The eccentricity growth rate K(a, e) =
A(e)(1 + a/a0(e))
γ(e) +B(e) with the appropriate fitting pa-
rameters shown for three values of semi-major axis. Also, ah
is the hardness semi-major axis.
Appendix B: The ejection of binaries from globular
clusters
In this appendix we make a short note on the ejec-
tion of a binary from a GC considering soft interactions.
During each encounter of a binary A − B with a third
object C, on a statistical average the perturber acquires
a high kick and by momentum conservation the binary
recoils. This recoil velocity is random and the distribu-
tion is spherically uniform. To a good approximation we
can treat the binary as having its typical velocity disper-
sion in each encounter. By energy considerations one can
show that the final relative velocity during the interac-
tion of a binary A−B with a third body C, is, [77],
σA−B,C ′ =
√
σ2A−B,C + 2
2
µA−B,C
·∆Eb, (B1)
where ∆Eb is given by Eq. 20. Assuming that mA +
mB  mC we can estimate the recoil velocity, from mo-
mentum conservation, as, vrecoil ≈ mCmA+mB vA−B,C ′. The
binary will be kept in the cluster as long as the kick
it acquires is not enough to eject it from the GC. The
safest condition that the binary remains in the GC is
that even if the recoil it acquires happens to be exactly
opposite to its velocity with respect to the center of the
GC it still has not surpassed the escape velocity thresh-
old, i.e., vesc > vminkick = vrecoil − σA−B,C , where we will
use vesc = 2σstar is the escape velocity. Finally, we obtain
our condition for the critical semi-major axis to be, for
mA = mB = 10M and mC = 1M,
a > aej ≈ 0.0128×
(
H
15
)(
20 km/s
σstar
)2
AU, (B2)
i.e. it should not be smaller than a critical value of
roughly aej ∼ 10−2 AU at core radius in 47 Tuc. This
value is only slightly bigger than aend. Therefore, the
binary’s orbit is quite tight when it is ejected. We note
again that these statements are valid in our context where
BBHs mostly encounter 1M stars and interact softly
yet efficiently. If the BBH encounters another BH, the
ejection point occurs at a larger semi-major axis, about
O(10) larger than our result, as in [53],
aej ' 0.266×
(
mBH
10M
)(
40 km/s
vesc
)2
AU. (B3)
